We propose theoretically and verify experimentally a method of combining a q-plate and a spiral phase plate to generate arbitrary vector vortex beams on a hybrid-order Poincaré sphere. We demonstrate that a vector vortex beam can be decomposed into a vector beam and a vortex, whereby the generation can be realized by sequentially using a q-plate and a spiral phase plate. The generated vector beam, vortex, and vector vortex beam are verified and show good agreement with the prediction. Another advantage that should be pointed out is that the spiral phase plate and q-plate are both fabricated on silica substrates, suggesting the potential possibility to integrate the two structures on a single plate. Based on a compact method of transmissive-type transformation, our scheme may have potential applications in future integrated optical devices.
INTRODUCTION
In recent years, the vector beam [1] , known as possessing a spatially inhomogeneous polarization state, and the vortex beam with spiral wavefronts [2] have been widely studied in various aspects because of these respective intriguing properties and widespread applications, such as high-resolution imaging [1] , vectorial structure and propagation model analysis [3, 4] , bottle-hollow beam generation [5] , and optical microscopy [6, 7] for the vector beam; and data transmission [8] , optical tweezers [9] , and optical trapping [10] for the vortex beam. Most previous works focused on the complex manipulation of cross-sectional polarization, especially on the vector beam, which has intrinsic polarization symmetry.
Unlike a conventional homogeneous polarization state represented by the fundamental Poincaré sphere [11] , a vector beam can be geometrically mapped by a higher-order Poincaré sphere (HOPS) [12, 13] . On the other hand, although a vortex beam has a distribution of homogeneous polarization, its optical topological structure possesses orbital angular momentum characterized by expimϕ, where m is the topological charge and ϕ is the azimuthal angle. Additionally, various approaches to generate vector beams and optical vortices have been proposed with impressive performance, such as conical Brewster prism [14] , interferometry [15, 16] , subwavelength gratings [17] [18] [19] , laser intracavity devices [20, 21] , twisted nematic liquid crystals [22] [23] [24] , and metallic nanostructures [25] [26] [27] .
Most recently, because it has both vector polarization and helical phase, the vector vortex beam has been proposed and explored in a range of advanced optical schemes, such as vectorial optical vortex filtering [28] , particle acceleration [29] , photon entanglement [30] , beam focusing [31] , and the photonic spin Hall effect [32, 33] . Compared with a single vector beam and a single vortex beam, a vector vortex beam provides more degrees of freedom in beam manipulation [31, 34, 35] . Encouraged by these advantages, a great variety of impressive generation has also been demonstrated, including a spatial light modulator [36] , a liquid-crystal-based polarization converter [37] , a laser resonator configuration [20] , and modified interference of different modes [38, 39] . However, the generated polarization states in previous works are usually referred to as two special cases, azimuthal and radial polarization. Additionally, these methods usually face challenges of low damage threshold, lower conversion efficiency, and enormous size. Therefore, to generate arbitrary vector vortex beams, a flexible generation method of high efficiency and compact structure should be taken into account.
In our work, to generate an arbitrary vector vortex beam on the hybrid-order Poincaré sphere (HyOPS) [40] , a flexible and simple approach using the combination of an inhomogeneous birefringent q-plate and a spiral phase plate is proposed. We use a q-plate to convert a homogeneous polarized light beam into a vector beam. Then, after passing through a spiral phase plate, the vector beam is converted into a vortex-carrying vector beam, that is, a vector vortex beam. Here, although a spiral phase plate is not a new product to be proposed to generate vortex-carrying beams, it actually plays a new and crucial role in the conversion from vector beam to vectorial vortex beam. Moreover, the spiral phase plate and q-plate could be integrated with the existing optical elements which enables the generation of compact devices with multifunction.
THEORY
We now use a HyOPS to describe the state of a vector vortex beam. Figure 1 depicts a HyOPS with l 0 and m 2. The north and south poles represent two orthogonal bases, jN l i and jS m i. Here, l and m are the topological charges. Since the orthogonal circular polarization eigenstates are a LaguerreGauss beam and a fundamental-mode Gauss beam, the HyOPS can map the polarization and phase of arbitrary vector vortex beams on its surface, leading to a more general representation than the HOPS. Through this geometrical representation, polarization and phase evolution of light within the interaction with the media should become much clearer. Therefore, one can realize the evolution from one point to another along the spherical longitude and latitude based on transformations of the HyOPS [40] .
In the paraxial approximation, a generalized vector vortex beam can be represented as [41] 
and
Here,ê x andê y are the unit vectors along the x and y axes in the Cartesian coordinate system. φ is the angle in the polar coordinate system, and φ 0 is a constant phase. On the HyOPS, any point can be represented as a coaxial superposition of these two orthogonal circular polarizations with various coefficients ψ 
where Φ argψ Note that the field described by Eq. (1), by extracting a common phase factor expil mφ∕2, and neglecting the constant phase expiφ 0 ∕2, can be transformed into
where jNi ê x iê y ∕ 2 p and jSi ê x − iê y ∕ 2 p . By comparing Eq. (8) with a general expression of vector beam in Ref. [42] ,
these two coefficients, cosϑ 0 ∕2 and sinϑ 0 ∕2, can be regarded as the normalization of ψ l N and ψ m S . Here, ϑ 0 ; α 0 are the coordinates of the HOPS. Actually, Eq. (9) is derived from the case that homogeneous elliptical polarization light is incident on an inhomogeneous half-wave q-plate. It is convenient to assume that the q-plate remains stationary. We can thus neglect the factor Ψ that is determined by the optical axis distribution in cross section.
Utilizing the relationship α 0 → 2φ resulting from the 2 → 1 homomorphism between the physical SU(2) space of the light beam and the topological SO(3) space of the HOPS [43] , Eq. (9) is transformed into
Then, it is clear that the second term of Eq. (8) is equivalent to Eq. (10), and it also represents a vector beam on a HOPS. The only difference is that Eq. (8) exhibits an additional spiral phase factor expil mφ∕2. Therefore, to generate a vector vortex beam described by Eq. (8), we need to add a vortex phase expil mφ∕2 into the vector beam. To generate a vortex phase, numerous methods have been developed so far, such as spiral phase plates [9] , spatial light modulators [44] [45] [46] [47] , diffractive elements [48] , and fork gratings [49] . Comparing with other methods, a spiral phase plate can usually obtain much higher efficiency with less complicated structure. Therefore, a spiral phase plate is employed in our work. After adding a vortex phase, the generated vector beam is converted into a vector vortex beam, i.e., the conversion of a point from a HOPS to a HyOPS is realized. Here, we choose to generate the vector vortex beam on the HyOPS with l 0 and m 2. The corresponding combination is a half-wave q-plate with q 1∕2 (Altechna R&D) and a spiral phase plate with l 1. If a vector vortex beam with larger topological charge is desired, larger structure parameters (q and l) are needed. Generally, by choosing the appropriate parameters for the q-plate and spiral phase plate, any vector vortex beam represented by Eq. (1) can be realized.
EXPERIMENTAL RESULTS AND DISCUSSION
We now establish an experimental setup to generate the vector vortex beam expressed by Eq. (8) . As shown in Fig. 2(a) , a Glan laser polarizer (GLP1) and a quarter-wave plate (QWP1) convert the laser beam output from the He-Ne laser (beam 
waist size w 0 0.7 mm and operational wavelength λ 632.8 nm) into an elliptical polarization. Next, the q-plate makes the incident elliptically polarized light beam transform into an arbitrary vector beam. The vector beam is finally transformed into a vector vortex beam by the spiral phase plate. Parts (I) and (II) therefore make up a converter that can generate arbitrary vector vortex beams on the HyOPS. As shown in Fig. 2(b) , a vector vortex beam can be theoretically decomposed into the vector part and the vortex part. Here, the vector part is generated by part (I) while the vortex part corresponds to part (II).
The structure of the q-plate is fabricated by etching spacevariant grooves on a fused silica sample using a femtosecond laser, which has a uniform birefringent phase retardation π at a wavelength of 632.8 nm. When an intense laser is sharply focused inside the structure, the uniform glass would decompose (SiO 2 → SiO 21−x xO 2 ), leading to a uniform birefringent phase retardation. This phase retardation is given as Γ 2πn e − n o h∕λ, with h the writing depth and n e − n o the induced birefringence. n e f n As shown in Fig. 4(a) , the spiral phase plate is a disk of refractive index n in which the thickness Δd φn − 1lλ∕2π increases with the azimuthal angle ϕ. Through a spiral phase plate, the incident plane wave shall obtain an expilφ phase term and, consequently, has an optical vortex along the transmission axis. Figure 4(b) shows the measured phase retardance value distribution of the spiral phase plate l 1.
Fabrication of spiral phase plates requires several processes, including quantization, exposure, and further development. Practically, we first quantize the 3D surface into 2D bars by using an interval d · N D∕d micro-slices are acquired after the quantization. These slices are projected and zoomed to form the 2D binary sub-masks. In the exposure process, the mask is moving at a certain speed, and each quantized unit can acquire the corresponding exposure dose, which is the result of a convolution between the moving speed function and the sub-mask function. After exposure and further development, the 3D structure of a spiral phase plate is finally acquired. The diameter D is 25.4 mm. The step height of 1.385 μm enables a phase retardance value ranging from 0 to 2π at a wavelength of 632.8 nm. To verify the generated vortex, the interference patterns of the generated vortex beam with a spherical wave and a plane wave are measured, respectively, corresponding to Figs. 4(c) and 4(d) .
To get an arbitrary point θ; Φ on the HyOPS, a detailed relationship of the transformation should be given. Similar to the generation of arbitrary vector beams, in our scheme, the azimuth angle η of the outgoing polarization ellipse is equal to the angle between the optical axis direction of QWP1 and the vertical direction. The ellipticity angle δ is equal to the relative angle of the optical axis direction between GLP1 and QWP1. In addition, a relationship between θ; Φ and η; δ can be established: Φ η: (12) Here the longitude and latitude are, respectively, determined by the optical axis directions of GLP1 and QWP1. The optical axis directions of GLP1 and QWP1 construct 2 degrees of freedom, leading to the evolution of the final state on the surface of the HyOPS. Additionally, the evolution is also associated with the orientation angle of the q-plate. By controlling the orientation angle of the q-plate, the evolution can be different. A rotation of the q-plate by ϕ 0 advances the longitude by 2ϕ 0 [40] . The output beam can therefore be selected by rotating the q-plate.
We now verify the resultant vector beam and vector vortex beam. Stokes parameters S 1 , S 2 , and S 3 are measured by part (III) in Fig. 2(a) (QWP2 and GLP2) to examine the polarization of the generated vector beams. They are given by [50] S 1 I0°; 0° − I90°; 90° I0°; 0° I90°; 90° ;
Here, Iα; β is the intensity of light recorded by a CCD, where α and β are, respectively, the optical axis directions of QWP2 and GLP2 with respect to the vertical direction. The positive angle is chosen as clockwise. By extracting the parameters from the Stokes parameters and utilizing the relationship between Stokes parameters and polarization, the polarization states on the cross section of the generated vector beam are acquired. Figure 5 shows theoretical and experimental polarization states of eight points on the HOPS. It is clear that the experimental results show good agreement with the theory. By depicting the polarization distribution, it is proved intuitively that the generated beams are the desired vector part.
In the second part, the spiral phase plate converts the vector beam into a vector vortex beam with an additional topological charge l. Here, we choose a spiral phase plate with l 1. The topological charges of the outgoing beam from the spiral phase plate are thus equal to 2q l, which are, respectively, 0 and 2 in our scheme. Therefore, the outgoing beam can be regarded as the superposition of a fundamental Gauss beam LG 0;0 and a vortex-bearing Laguerre-Gauss beam LG 0;2 . Different from the so-called perfect vector vortex beam in Ref. [51] that possesses a stable state of polarization, the mode LG 0;l exhibits a z-dependent phase factor expijljξz. This factor leads to continuously changing polarization accompanying the propagation. To avoid the influence, the CCD is positioned at a fixed distance from the spiral phase plate and the q-plate experimentally.
Recently, Yue et al. proposed an integrated approach to generate vector vortex beams based on a reflective-type metasurface [52] . In our experiment, note that the spiral phase plate is positioned sufficiently adjacent to the q-plate, so it is possible to construct these two plates on a single silica disk. Our scheme with transmissive-type transformations shall perform as an effective alternative with respect to the reflective-type one. Indeed, we have constructed similar integrated structures based on a single silica disk in the integration of a Pancharatnam-Berry phase lens and a dynamical phase lens [53] .
For the resultant vector vortex beam, polarization states in cross section are also acquired, as shown in Fig. 6 . It can be seen that Fig. 6 exhibits a certain amount of error in comparison with Fig. 5 , in particular a less matched degree of polarization, which we attribute to the imperfect structure of the spiral phase plate. Nevertheless, we still choose to demonstrate the less perfect polarization states of the generated vector vortex beam, which is seldom noted in previous works. Another reason for the errors in both Figs. 5 and 6 is the difficulty of making all the pictures locate at the same pixel, which leads to inaccuracy of calculation. To make up the lack of calculations of polarization states, we also verified the resultant vector vortex beams through traditional polarizer analysis. We choose two typical vector vortex beams, radially and azimuthally polarized light, to verify the polarization by using a polarizer (see Fig. 7 ). When rotating the polarizer, the recorded intensities in the CCD shows a typical s-shaped pattern whose rotation direction is the same as that of the polarizer, suggesting that the resultant beams are the desired vector vortex beams.
CONCLUSION
We have realized the generation of an arbitrary vector vortex beam on the HyOPS. The desired vector vortex beam is decomposed into the vector part and the vortex part. The vector part is generated by a Glan laser polarizer, a quarter-wave plate, and a q-plate, and the vortex part is generated by a spiral phase plate. By controlling the optical axis directions of the Glan laser polarizer and quarter-wave plate, any desired vector vortex beam can be obtained. Generally, the resultant vector part, vortex part, and vector vortex beam are in accord with the theory. In addition, this method offers a compact conversion system that shall pave the way for integrated optical devices.
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